We study the analytic structure for eigenvalues of the one-dimensional Dirac oscillator, by analytically continuing its frequency on the complex plane. A twofold Riemann surface is found connecting the two states of a pair of particle and antiparticle. One can, at least in principle, accomplish the transition from a positive energy state to its antiparticle state, by moving the frequency continuously on the complex plane, without changing the Hamiltonian after transition. This result provides a visual explanation for the absence of a negative energy state with the quantum number n = 0.
I. INTRODUCTION
Experimental studies of exceptional points in several systems [1] [2] [3] [4] [5] make the functions of a complex variable being no longer limited to an abstract tool in physics. On the other hand, very recently, the structure of the Riemann surface for quantum systems attracts theoretical research of Bender et. al. [6, 7] . Namely, in the system of two coupled harmonic oscillators, they show an eightfold Riemann surface structure of eigenvalues as functions of the complex coupling parameter, which collapses to a fourfold one in the case of the ground state. In the decoupling limit, these eigenvalues can be cast into sets of four eigenvalues, one corresponding to a conventional state, and the other three to unconventional states with negative energy. These unconventional states, which are nonnormalizable, can also be reached by analytically continuing the frequencies of isolated harmonic oscillators [8] .
These progresses prompt us to consider the relativistic version of the harmonic oscillator, known as the Dirac oscillator [9, 10] , whose eigenvalues are positive-negative in pairs. The Dirac oscillator is obtained from the free Dirac equation by the substitution p → p − iβmωx, where ω is the frequency of the oscillator and β is a Dirac matrix. It exhibits abundant algebraic properties [11] [12] [13] [14] [15] , and is used in various branches of physics, such as nuclear physics [16] and subnuclear physics [17] '. Recently, there has been a growing interest in simulating the Dirac oscillator in other physical systems, such as quantum optics [18] [19] [20] [21] and classical microwave setups [22, 23] .
We focus on the Dirac oscillator in one spatial dimension, which also can be derived by linearizing the quadratic form E 2 = p 2 + m 2 + mω 2 x 2 − βmω, as Dirac's original approach to propose his equation [24] . Therefore, it naturally has the property of a square root, which is a key cause of the structure of Riemann surface in the nonrelativistic harmonic systems [6] [7] [8] . It can be regarded as a coupled quantum system, which is the starting points of the study [6] , as it maps exactly onto Jaynes-Cummings * Corresponding author: flzhang@tju.edu.cn model in quantum optics [21] , composed by a harmonic oscillator and a spin. Furthermore, the experimental progresses in microwave setups, on simulating the Dirac oscillator [23] and observing exceptional points [1] [2] [3] , make it possible to experimentally observe the Riemann surface studied in the present work.
We find a twofold Riemann surface structure for the eigenvalues, of the one-dimensional Dirac oscillator, as functions of the frequency parameter ω. Such surface connects two conventional states of a particle with its antiparticle, which have the same quantum number n. By moving the system through a branch cut on the complexfrequency plane, one can move a positive energy state to its antiparticle state. From this angle of view, the disappearance of the branch point provides an interpretation for the absence of negative energy state with n = 0. Similar to the nonrelativistic harmonic oscillator, an unconventional spectrum arises in the analytic continuation. However, the conventional states and unconventional states locate on different Riemann surfaces, which is different from the harmonic oscillator.
In Sec.II, we review the analytic structure of onedimensional harmonic oscillator. Based on these results, we study the Dirac oscillator in detail in Sec.III. Finally, a brief summary is given in Sec. IV.
II. HARMONIC OSCILLATOR
The Hamiltonian of a nonrelativistic harmonic oscillator reads
In this work, we set the reduced Planck constant = 1.
In the asymptotic region |x| → +∞, mω 2 x 2 ≫ E, the stationary Schrödinger equation reads
Its approximate solutions can be written as
Making the substitutions ξ = √ mωx, k = 2E/ω and
It is the defining differential equation for the Hermite polynomials if k = ±(2n + 1) and n = 0, 1, 2..., which can be represented as
The plus sign corresponds to the conventional Hermite polynomials, H n (ξ) = h +n (ξ), and the consequently conventional eigenfunctions of harmonic oscillator. We denote the ones with minus sign as h −n (ξ), which leads to nonnormalizable unconventional eigenfunctions [6] . Then, the eigenvalues and corresponding eigenfunctions are
Obviously, the ± signs in the above results come from the square root of Eq. (4). Consequently, the eigenvalues with the same quantum number n are merely different branches of a multivalued function of complex ω, which can be written as
With the aid of the logarithmic function in above expression, one can easily notice the connection structure of the function.
In Fig. 1 , we show the real part of the Riemann surface for n = 0. The function is unchanged under ω → −ω, which can be traced back to the symmetry of the Hamiltonian (1). However, the eigenvalues change sign, as the argument of ω runs continuously from 0 to π. There are two coalescing branch points at ω = 0, and the two associated branch cuts can be choosed along the imaginary ω axis. Each additional π on the argument of ω moves the system from one branch to another, and changes the sign of eigenvalues though the Hamiltonian remains unchanged. Simultaneously, the variable ξ is changed into iξ, which leads to
That is, by such analytic continuation, we reach an unconventional state, starting from a conventional one. A similar process can move the system from a conventional state to an unconventional one. 
III. DIRAC OSCILLATOR
A. Spectra
The Dirac oscillator has become the paradigm for the construction of covariant quantum models with some well determined nonrelativistic limit [23] , and its properties and possible applications have been studied extensively. To be corresponding to the above section, we study the one-dimensional version of the Dirac oscillator in this part, whose Hamiltonian is given by
with the light velocity c = 1. The Dirac matrices are conveniently defined in terms of the Pauli matrices
To understander its spectra, we square the Hamiltonian (10) and obtain
When H → m,
That is, in the nonrelativistic limit, the Dirac oscillator becomes a decoupled system composed of a harmonic oscillator and a spin. The relations in (12) and (13) make it direct to derive the eigenvalues and eigenfunctions of H 2 based on the results of the harmonic oscillator. Corresponding to each eigenvalue in (7), one can obtain the one of H 2 as
and the two-component eigenfunctions
where we denote φ ± −1 (ξ) = φ ∓ 0 (ξ) and ξ = √ mωx. And, a ± n and b ± n are free parameters, which is due to the double degenerate caused by the resonance between the spin and harmonic oscillator in (13) . The states ψ Diagonalizing the Hamiltonian in the degenerate subspaces of H 2 , one can find the eigenfunctions of H
corresponding to the eigenvalues
where the subscripts indicate the signs before the squre roots, and the superscripts indicate the ones in the squre roots. When n = 0, Ψ 
B. Analytic structure
We now turn to the analytic structure of the Dirac oscillator. The eigenvalue (18) with a fixed quantum number n = 0 is actually a nested square-root function, as the inner ± signs are from the square root to derive the eigenfunctions of the Harmonica oscillator. Hence one can rewrite the eigenvalue as
It has six square-root branch points, four occurring at ω = 0 and two at ω = ±m/(2n). The associated branch cuts at ω = 0 are choosed along the imaginary ω axis, and the ones at ω = ±m/(2n) along the real ω axis. They connect four sheets of the Riemann surface pairwise to one another. A visualization of this surface and its four sheets is shown in Fig. 2 . Let us take a brief look at the function. We start from a positive real ω = |ω| > m/(2n) and E n (ω) = m 2 + 2nm √ ω 2 , which locates on the top sheet. Increasing the phase θ of ω = e iθ |ω|, one can enter the second sheet after pass through the positive-imaginary axis. Next, running θ to the region of (π, 3π/2), one get the third sheet. Follow that, when ω reaches the fourth quadrant, E n (ω) enters its fourth sheet, where E n (ω) = − m 2 + 2nm √ ω 2 when θ = 2π. If the phase θ continues to increase, the function reenters the third, sencond, and first sheets in turn. When θ = 4π, E n (ω) gets back to the initial point.
An obvious feature of the above route is that, it goes through the first and fourth sheets when Re(ω) > 0, and through the sencond and third ones when Im(ω) > 0. The four regions actually compose the Riemann surface
which is a half of the function E n (ω). Starting from a negative real ω = −|ω| on the top sheet, one gets a route going through the other half,
Although, a similar feature can be found in the Harmonic oscillator, the difference is that the symmetry of ω → −ω is broken in the Dirac oscillator, which can be easily noticed by the linear terms in (12) and (13) . Starting from one of the conventional states in (16) , it is impossible to reach an unconventional one by smoothly varying the frequency ω. Based on the above considerations, from a viewpoint of succinctness, E + n (ω) and E − n (ω) should be regarded as two distinct functions, which connect the conventional states and the unconventional states respectively. To show the connection structures, we take the conventional states for example. The results of the unconventional states can be easily obtained by simultaneously changing the two ± signs in (18) and flipping the spin.
The function E + n (ω) has one square-root branch point at ω = −m/(2n) when n = 0, and the associated branch cut can be choosed along the negative-real axis. We show the Riemann surface in Fig. 3 . Let the Dirac oscillator start from a positive energy state Ψ + +n with E + n (ω) = + √ m 2 + 2nmω, we run the argument θ of ω = e iθ |ω| from 0 to 2π. When |ω| < m/(2n), the system gets back to the initial state Ψ + +n . When |ω| > m/(2n), the system passes through the branch cut, and reaches its antiparticle state Ψ + −n with a negative energy E + n (ω) = − √ m 2 + 2nmω. In the transition between a state to its antiparticle state, the eigenvalue becomes complex when θ = π reflecting that the system is in a region of broken PT symmetry, which is also noticed in the system of two coupled harmonic oscillators [7] . The amount of |ω| to break the PT symmetry increases with the quantum number n decreases. When n = 0, it can be considered to become +∞. This result provides a visual explanation for the absence of Ψ + −0 .
IV. SUMMARY
We study the analytic structure of eigenvalues of the Dirac oscillator in one spatial dimension. There exist four eigenfunctions corresponding to an oscillator quantum number n, two of which are conventional states for a pair of particle and antiparticle, and the other two are unconventional. The two conventional states are connected by a twofold Riemann surface, for the eigenvalues as a function of frequency on the complex plane. So are the two unconventional states. The system can be transitioned smoothly among the states by an analytic continuation in the frequency constant. Based on these results, the absence of a negative energy state with n = 0 can be intuitively explained by the disappearance of the branch point.
Further researches on this topic in several directions would be interesting. First, we look forward to an experimental verification of the analytic continuation studied in this work. Also, it is fascinating to consider the Berry phases [26] acquired by the system when it moves on the Riemann surfaces. Whether more elaborate structures arise from the Riemann surfaces in the two-or threedimentional Dirac oscillators is also a natural question. Finally, could we give a physical meaning of the unconventional states? Or more specifically, whether the negative energy of an unconventional state in nonrelativistic harmonic oscillators [6] [7] [8] is a positive one actually, as the negative energy in the Dirac equation?
